TRANSACTIONS OF THE
AMERICAN MATHEMATICAL SOCIETY
Volume 315, Number 1, September 1989

INVARIANT MEASURES AND EQUILIBRIUM STATES FOR
PIECEWISE C'** ENDOMORPHISMS OF THE UNIT INTERVAL

CHRISTOPHER J. BOSE

ABSTRACT. A differentiable function is said to be C!** if its derivative is a
Holder continuous function with exponent a > 0. We show that three well-
known results about invariant measures for piecewise monotonic and C2? en-
domorphisms of the unit interval are in fact true for piecewise monotonic and
Cl+a maps. We show the existence of unique, ergodic measures equivalent to
Lebesgue measure for C!*® Markov maps, extending a result of Bowen and
Series for the C2 case. We present a generalization of Adler’s Folklore The-
orem for maps which satisfy a restricted mixing condition, and we show that
these C!*® mixing endomorphisms possess unique equilibrium states, a result
which was shown for the C2 case by P. Walters.

0. INTRODUCTION

Let I =[0,1] with the usual metric and denote by (I,% ,A) the measure
space consisting of Lebesgue measure on the Borel subsets & of I. A mapping
g: I — I is said to be piecewise monotonic and C U with finite image if

(1) There is a countable partition £ of I into subintervals; £ = {J,}
J,=la,,b,] with U,y J, =1 and A(J,NJ, ) =0 if n# m, so that:

(2) For every n € N, g is monotonic and continuously differentiable on
(a,,b,) and extends to a continuously differentiable function on an open inter-
val fn 2J,.

3) Q= UneN{limx_,a: g(x), limx_,bn_ g(x)} is a finite set contained in
Unen{a;:b;}. (In particular, each interval gJ, is A-a.c. a union of atoms
from 7 .)

The mapping g is said to be Markov if it satisfies the above, plus

4) U,»08"J, 2 J, forall k,leN.

Let QU{0, 1} be ordered by the usual order on /, thatis, w, =0 and w,_,
lies immediately to the right of w,. Denote by g the (finite) partition of 1
into intervals induced by the points QU {0,1}. Thus atoms in gJ have the
form [w;,w, ,]. Without loss of generality we may assume g maps each J,
onto (A-a.e.) exactly one [w,,®,,,]. Let I, = I -(QuU{0, 1}), a finite union of
open intervals and let Iy, = I —U,cy{a,,b,} the union of the interiors of the

nenN
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J,. Clearly I, C I, C I. Write M(I,) for the collection of all Borel probability
measures on I, and Mg(IO) to denote those measures in M(1,) for which g
is measure-preserving. Members of M g(IO) will also be called g-invariant. If
u € M(l,) and &, ,%, < F are sub-g-algebras we write [ #(ﬁl |#,) for the
conditional information function of %, given %, with respect to u. If %
is finiteand u e M o (Ig) we write A (8 ,B,) for the entropy of g with respect
to u and the partition %, , and hﬂ(g) for the entropy of g with respectto u.
Given two countable partitions of 7, say P and Q and ¢ > 0 we say that
P={P}, Q={Q,} are ¢-independent (for ), denoted PL°Q, if

(7] )ZI#(PIQ ) — u(P)| <.
Q;
We say P is weak-Bernoulli for g (with respect to u) if, given ¢ > 0 there
exists an N = N(g) so that for all k,/>0and n>N
n+k+1
V g ‘pL° V g ‘P,
n+k
Two basic facts we shall be appeahng to (although indirectly) are:

(1) If P is a finite partition, denote by o-P the smallest g-algebra containing
U,>o{g& "P}. If one may find a finite partition P with ¢-P =.% and so that
P is weak-Bernoulli for g with respect to x then the natural extension of the
system (I,% ,u,g) is measurably isomorphic to a Bernoulli shift. See [F, O]
and [Ro].

(2) If one may find a sequence of finite partitions P, , with P, < P, and
so that the natural extension of each system (I,0-P,,u, g) is 1somorphlc to a
Bernoulli shift and ¢-P, 1 &%, then the natural extension of I,#,u,g) is
isomorphic to a (possibly generalized) Bernoulli shift, [O2].

The following definition appears in Walters [W]:

Suppose ¢: I,, — R is continuous. We say that u € M, g(lo) is an equilibrium
state for ¢ if

[ 1@ @)+ pd> [ 1, @187 B) + pdm

for all m € M, (I;). This generalizes the usual definition of equilibrium state
for finite entropy transformations to the (possibly) infinite entropy case. Since
our mappings may have infinite entropy we use this more general definition.

If gJ, =(w;,w,,,) and x € (w;,w,,,) set b (x)=(gl;) !(x) and extend
this definition of 4, to all of I in such a way as to make h continuous and
h,'< = 0 on the (at most) two intervals making up / - [w;, @, +l] .

It is our aim to prove the following results about the mapping g .

Theorem 0.1. Let g: I — I be Markov and assume it satisfies
(i) |g'l > ¢ >0 and there exists an n, > 1 so that

inf { inf |(g"°)'(x)|} =2>1.

X€(an ,bn)

neN
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(ii) There exists an M and 0 < a <1 so that whenever x and y lie in the
same atom of £ one has

1g'(x)/g' () - 1] < M|g(x) - g()[".

Then, there is a unique function p on I, satisfying

(a) v=pdieM g(lo) and g is ergodic with respect to v .

(b) 3IR< 00, 1/R<p<R.

(c) [;pdi=1, (viewing p as defined on I).

(d) There exists a K and 0 < o <1 so that whenever x and y lie in the
same atom of g%, |p(x) —p(y)| < K|x —y|*.

Remarks 0.2. (a) In hypothesis (i), the function (&™) (x) is not defined at
the countably many points g~ '(U,{a,,b,}), i = 1,2,...,n,— 1, and by
convention we shall assume the infimum is taken over the complement of this
exceptional set.

(b) Keller [K] has already shown the existence of invariant measures for maps

with the property that the functions 1/g’| j, are of universally bounded p-

variation (which includes the piecewise C I+a case) when there are only finitely

many intervals of monotonicity but his techniques do not appear to work in our
context.

(c) Many authors have shown the existence of invariant measures for piece-
wise monotonic and C> mappings of /. Perhaps the earliest the theorem of
this type was given by Renyi [R]. Our present theorem most closely resembles
the result of Bowen and Series [B, S] in which ergodic measures equivalent
to Lebesgue measure are obtained for piecewise monotonic and C? Markov
mappings g: I — I which satisfy the conditions:

(A1) there exists N > 0 such that

B NCRITEYES

and

n
(A2) M = sup {M}<oo
xe©.1) | |&'(x)]
(A2) is known as Renyi’s condition. Let us point out that (A2) implies our
condition |g'| >¢>0. For ne N A(gJ,) = |g'(x,)|A(J,), some x, € (a,,b,)

and so

MgJ,)
A(J,)
However, for x,y € (a,,b,), x <y we have

g'(x)
g' )

> 0.

. / .
n'}f|g (x,)| = inf

— log|g(x)] - log|g(y)| = /y ||g ((f)),'dt M [ g 0lde < m

log =——=
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These two facts give inf, , |g’(x)| > 0. Moreover, with a little more care in
the above calculation one sees that our Theorem 0.1 is indeed a generalization
of the result in [B, S] for, if

/
8 (x)
log <Mlg(x)-gW)l,
70) lg(x) — gl
one obtains upon exponentiation,
!
8 (x) 1
-1 <Mlg(x)-g
70) |g(x) — &)

and so in our condition (ii) one may choose a = 1.

(c) Our condition (ii) is best viewed as a uniform piecewise Holder condition
on the derivatives of the inverse mappings 4, . If x,y lie in the same atom of
g% one has

| (X) /R () = 1] < Mx = y|°.
It seems that one is led to this form, rather than the usual Holder condition
I (x) = )] < Mx = y|°

(note, however, if |#| < oo these are equivalent) upon consideration of the
classical example of continued fraction expansion; g(x) = % —[1], where [x]
denotes the integer part of x. Indeed, one may check easily that for this exam-
ple
wp £ =20
xyed, [8(x) — g

is unbounded in »n for all o > 0. Since this example is central to the theory as
far back as Renyi we adopt our condition (ii).

Theorem 0.3. Let g: I — I satisfy the hypothesis of Theorem 0.1 with the
Markov condition (4) replaced by

(iii) There exists a D < oo so that for all d > D, k,l € N we have ngk N
J#9.

Let p and v be the objects given by the conclusion of Theorem 0.1. Then
the partition Z is a weak-Bernoulli generator for the measure-preserving system
(I,%,v,g) and the natural extension of this system is a Bernoulli shift with
entropy

S [ toglg'(x)ldv(x)

nenN n
if this sum converges, (a generalized Bernoulli shift if the above expression is
divergent).

Remarks 0.4. (a) Let F C N be a finite subset, say F = {n,,n,,...,n}.
Showing that the countable partition # is weak-Bernoulli implies the fact for
the finite partition 7. = {Jn| , an e an s Unen—r J,} and so the result will

follow by taking a fixed sequence of finite subsets F, C F, |

C N with {J, F, =
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N and applying the already-mentioned result about an increasing sequence of
Bernoulli shifts.
(b) The sum in the expression for entropy is to be interpreted as

sup { ) /J log|¢'(x)| du(x)}

"\ keF,

where {F,} is an increasing sequence of finite subsets of N as in (a) above.

(c) This theorem can be viewed as a C'** version of the well-’known Adler’s
Folklore Theorem which gave the same conclusions for piecewise monotonic
and C? mappings satisfying conditions (A1) and (A2) already mentioned in
Remarks 0.2 plus the condition

(A3) gJ,=1 forallne N

instead of our mixing condition (iii). The argument in Remark 0.2(b) shows
that our Theorem 0.3 is indeed a generalization of Adler’s result.

(d) It is interesting that, in passing from Theorem 0.1 to Theorem 0.3, ob-
taining in the first instance, ergodic measures and in the second, isomorphism
to a Bernoulli shift, we have replaced the Markov condition (4) which clearly is
not carried to powers of g with the mixing condition (iii), which is. We shall
make use of this fact in the proof of Theorem 0.3.

Before we state the last result we must introduce some notation. Denote by
T the disjoint union of the collection of intervals [w;,®,,,] and place on I a
distance d so that

(1) (I,d) is a compact metric space,

(2) d(x,y) = |x —y| if x and y lie in the same interval [w,,®, ] and
d(x,y)>1 if x and y do not lie in the same atom of g_# .

Here we naturally think of each w; ¢ {0, 1} as two points w; , the rightmost
endpoint of [w,_,,w,;] and w;“ the leftmost endpoint of [w;,w,,,]. In par-
ticular, d(co:.r ,@;) > 1. One also has a natural embedding ¢: I, — T and
¢: Iy — T where ¢ is an isometry when restricted to any one of the intervals
(w;,w;,,). We shall, in fact, write I, (respectively /) when we really mean
the more cumbersome ¢(I,) (respectively @(I,)). In the same spirit we write
S, 8% and A for the image under ¢ of these objects originally defined on I.
What we have gained here is to have g: [, — I, C T with the inverse mappings
h, as previously defined on I now being C ! functions on 7. We now present

Theorem 0.5. Suppose g satisfies the hypothesis of Theorem 0.3 and suppose
¢: I, — R satisfies
(iv) There exists a K < oo so that

Y exp{o(n)} <K

ye{g~'x}

forall xel.
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(V) lp(x) — o) < M, |x — y|® forall x,y € (a,,b,) where

M= sup{ sup Mn|g'(x)|_°} < oo.
n | x€(an ,bn)
Then
(1) ¢ has a unique equilibrium state p, .
(2) u s has no atoms and is positive on nonempty open subsets of I.
(3) The partition £ is a weak-Bernoulli generator for g and so the natural
extension of the system (I , % ,g,u ) isa (possibly generalized) Bernoulli shift.
(4) If w € C(1,) also satisfies (iv) and (v) above then u s =1y, if and only
if there existsa c € R and f € C(I) with ¢(x) = w(x)+ f(gx)— f(x)+c.
In particular, the measure v = pdA from Theorem 0.3 is the unique equilib-
rium state for the function ¢, = —log|g'|.

This can be considered as C'*® analogue of a theorem of Walters [W]; in

fact we can combine the major elements of the proof given there with the details
of the proofs of Theorems 0.1 and 0.3 to obtain a proof of this result.

Returning to our set-up one can say even more about the /, when g satisfies
the hypothesis of Theorem 0.1. Let a« > 0 be the constant appearing the
hypothesis of this theorem. If f: T — R we write

_ ) - /0
AN=sp) o Sy
XFy

and denote by H(a,g%) ={f:1 - R|_|f|| < oo}. If f € H(a,g/#) with
|f] > ¢ >0 then f] L 1sa piecewise Holder continuous function with exponent
a ; more precisely one has

Jx) _ ‘ <o/l
S) ¢
forall i and x,y € (w;,w,,,). Suppose conversely, that f: I, — R is piece-
wise Holder continuous as above with constants M and «, and that the fol-
lowing limits exist for all i:

lim f(x) lim f(x), limf(x), and lim f(x).
xtw. xlw} x10 x11

i

Ix —y|* = M|x - y|*

Then f has a unique extension to a continuous function on I (which we shall
also call f) and this extension satisfies _||f]| < M| f]|,, . In particular our
functions k| may be viewed as elements of H(a,g,?) with ||h || < Mc™'
(a, M and ¢ from hypothesis (ii) of Theorem 0.1). Another simple fact about
H(a,gf) is

Lemma 0.6. If f, € H(a,g. %) and there exists M, < oo so ||f,|| < M, and
f,, = f uniformly (on T in d) then ||f|| < M,.
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Proof. Let ¢ > 0 be given. If x # y lie in the same atom [w,,®,,,] then

1f(x) = S < 1£,(x) = S+ 1£,(x) = 001+ 1£,(0) = W)
< (26 + My)(d(x,y))°

for sufficiently large n. Hence, | f|| < M,+2¢ where ¢ > 0 was arbitrary. O

Fix n > 0 and denote by _#" the partition Vz;(; g ? 7, atoms in #"

are naturally indexed by strings Kk, - -k € N" and we shall write

n—1
J(kok,---k,_,) for the (possibly empty) 1nterval J,Ng” ', n--Ng AR 1 -

The reader may note that if x € J(kyk, - ) then the g- f -name of x be-
gins “kok, -k, _,”.

With respect to ", g" (the n-fold composition of g ) is a piecewise mono-
tonic C' map with finite image, in fact if J (kok, - _1) =(a, B) then

lxi}fxxg"(x)e{yhm g, hm g(y)}

kn—1 nl

and similarly for lim , 8 g"(x). Thus, (in an obvious extension of our nota-
tion) we have the partition g",#" contained in g . Define &, , (x)=
(gnl.l(kok|~-~k,,_|))_l(x) whenever x € g"J(kokl +--k,_,) and extend this def-

inition to make A, , continuous on I with A, =0 on I -
koky -k Koky-++kn—1_

closure (g"J, ok )). Finally, extend these definitions to I so that each

Pk, -k, @nd hkok «,, are continuous functions on (T,d). Incidentally, we

shall see in Lemma 1.2 that under the hypothesis of Theorem 0.1 each hk0 P
as defined above is in fact a member of H(a,g.#).
If £:T— R* is measurable we define the Frobenius-Perron operator applied

to f by
h; (x)|f(h,(x)), if this sum converges,
Fgf(x) — { ZkGN’ k k ]
0, otherwise.

As before, this sum is to be interpreted as the supremum over all finite subsets
of our countable set N. We have the following elementary observations about
the operator F

(1) F,: L+( ,A) = L{(T,2) with |[F fl|, = I fIl,-

2)p e L+( ,A) is the densny of a g-invariant measure v < A if and only
if F P =D

(3) F'"_F forall m>0.
This last equahty is most easily seen by induction, using the identity

hkok.-~~kn_|(x) = kokl"'km-l( kmkm+l"’kn—l(x))
whenever 0 <m<n—1.
~In the next section we shall present a proof of Theorem 0.1. Proofs of The-
orems 0.3 and 0.5 will be given in §§2 and 3 respectively. Parts of this work
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have been drawn from the author’s doctoral thesis, written at the University of
Toronto under the direction of M. A. Akcoglu and supported by the Natural
Sciences and Engineering Research Council of Canada and the government of
Ontario. We would also like to thank J. Aaronson for first suggesting a connec-
tion between these endomorphisms on the interval and our generalized baker’s
transformations.

1. PROOF OF THEOREM 0.1

Throughout this section the hypotheses of Theorem 0.1 shall be assumed. We
begin with the elementary

Lemma 1.1. Let a,,a,,...,a, and bl yby, ..., b, be nonzero real numbers
with a;/b, >0 for i=1,2,...,p. Assume there are numbers A, > 0 so

o

a b, .
4 _ ot <a = oD
b, IHa,- 1‘}‘/1” P=lh2p

1

Then

14 a. p
H#—l sexp{ZAi}——

Proof. Estimate the size of |log[]%_, a,/b,|. O

Our first use of this fact will be in

Lemma 1.2. (a) There exists an M, so that for all n and k,k,, ... .k

EN
n—1
and x,y elements of the same atom [w,,w,,,] of &7 one has

hl
M 1| < My(d(x,»)"

kokl ( )

(Here, 3 =1 by convention.)
(b) There exists a C, > 0 so that for all n and ky,k,, ... ,k,_, €N, if x
and y lie in the same atom [w;,w,,,] of 8.5

h,
1 < (x)

< <C,.
C hll(okl (y) :
(c) There existsa C, >0 so that for all n and k,k,, ... ,k,_, €N and x

such that by, . (x)#0, x €[, 0,,]

1
Fl(hkokr--k,._u[wi sw,~+1]) < |h;<ok.~~~k,.-.(x)| < Czﬂ‘(hkok,mk,,_,[wi ’wi+1])'
2

Remark 1.3. It follows from (c) in the above lemma that if f: 7 — R is bounded
then

FIN(x)=Fuf(x) Y Mg U iy, (X)),
koky - kn—)
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the sum on the right-hand side being uniformly convergent. If f is continuous
on I,sois F, f forall n, moreover, if f, — f uniformly on 7, F fi— F f
and the convergence is uniform on 7.

Proof of Lemma 1.2. Let ¢, n, and 4 > 1 be from hypothesis (i) of the
theorem and assume ¢ < 1. Fix n > 0 and write n = dn,+d, where d, < n,.
Write

AR O LY PR C AP O) L SN (NS O) RELY SIS O P

and observe that for 0<p <d,

i) = P n,(y)l_(l)d_p (%)d d(x,y) < M (%)M d(x,y).

Evidently when x and y lie in the same atom of g7, h;okl &, l(x) and
h, Kok ( y) are either both zero or both nonzero. Assume the latter and apply

the above chain rule expansion to the expression Ihkok &, ()] hk0 kyoorkey, V)= 1|
from which one obtains, upon applying Lemma 1.1, an upper bound of

d /1 d-p )a dy ( 1 do—p )a
M M= dx,y)| +M - d(x,y) -
oo e (3 () steon) e () e
< exp{M"(d(x,y))"} - 1,

since the first of these sums inside the braces is geometric, and in the second
sum d,, < n,. This last quantity is clearly independent of n and kjk,---k,_, .
If x and y are in the same atom [w,,®, ] then (d(x,y))" <1 and so we
may bound this exponential by M (d(x,y))* with M, independent of x and
y.

(b) follows immediately from (a).

Take absolute values in the inequality from statement (b), multiply through
by |h;CO P (»)|, provided this is nonzero, and finally integrate with respect
to y obtaining the inequalities in (¢). O

Lemma 1.4. Suppose A CT is such that

miin{).(A|[wi 0, )} =m>0.

Then there exists an ¢, > 0 so that for all d >0 we have l(g_dA) >em>0.
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Proof. Set A;=AN[w;,w,,,] and use (c) of Lemma 1.2 to get

Mg lay= 3 / 1k, (01 dAX)

koky kg,
1
> Y Mg, [0, DAA)
koki-+-kg—y 2
1
> Z ?A(hkok,...kd_l[wj’wj+1])m'1([wj’wj+l])
koky-+-kg—y
2 Z Eomll(hkoklkd_l[a)j,wj.'.l])'
koky-+-kg—

Summing this over j and then k;,k,,...,k; , one obtains

Mgl 2 S egmA((kok, -k, ) =ggm. O
koky -+ kg

Lemma 1.5. (a) The sequence {F ; 1} is norm bounded in H(a, g% ).

(b) Setting p, = (1/n) 27;01 F ;1 there is a subsequence p,, converging uni-
formlyon I to pe H(a,g.%).

The function p also satisfies:

(c) There exists R < oo so that 1/R<p < R.

(e) Fp =vp and so p|,0 is the density of a g-invariant measure;
i.e, v=pdie M, (I,).

Proof. Fix n>0 and x,y in the same atom [w,,w,,,]€ g . Then

FI 1) = F0l = | 3 Mg, (0]~ Z |h,:0k,“.k"_,<y>|
koky-+-kn— koky -+

< Z | 'hllcokl...kn_](x)l —|h kok| (y [
S

where S is the collection of kgk, ---k,_, where A, , # 0. Apply to this

last expression first (a) and then (c) of Lemma 1.2 to obtain a further upper
bound

< X Myl A
< ZMOCZ x’y ) }'(hkokl [Cl) I+l])
N

< M,Cy(d(x,y)".

Hence ||F,1]| < M,C,.
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We now show there existsa B >0 and N < oo so that for all n > N and
x €1 one has p,(x) > B. It will be sufficient to restrict our attention to x in
one particular [w,,w,,,]. Observe first that by (c) of Lemma 1.2 one has

H-l
Fllx)= > g, )
koky - +kn—1
1
Z E— Z )'(hkokl [w, ’w,+]])
2 koky---

= le(g-n[w,' s w,'+1]) s
and hence, for all k, D>0

k+D 1 1 k+D—1
-n
Z Fl1(x C— ( U ¢ [wi,w,,,l])

(+) "

1 -k b=l —-n
il e

For each j, by the Markov hypothesis (4) one obtains D ;SO

A% w0, 10w, 0,,]) >0
and hence
g _Dj[wvwm]n[ p@]) >
Take D = max; {D +1},set A= U ,0 g [w,,wm] and let

m= mjml(Al[a)j ,@;,1)>0.

Applying Lemma 1.4 to the expression (x) one obtains
1 k+D—1

§ F' l(x)>CD.e0 =¢ >0,

where ¢, is independent of x € [w,,w,,,]. If N=1[D+I[, where 0</,<D,
then

1 N-1 n D 2D—1
NZFgl(x)=—ﬁ( EF 1(x )+ Z FJ1(x)
n=0
1 L,D—-1 1N
n 2
ooty D FlW) JT/TZ
n=(l,-1)D LD

> %‘ for all sufficiently large N .

Further, if x € [w,,w

i+1]

F;l(x) <G Z APty ok @0 0,4]) < C
koky < kn—1
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and so one concludes there exists R < co and N < oo so thatif n > N,
x € 1 we have 1/R < p,(x) < R. Evidently |p,|| < M,C, and so {p,}
is a uniformly bounded, equicontinuous family on I. By the Arzela-Ascoli
Theorem there is a subsequence {pnk} and a continuous function p: T — R
with p, =P uniformly. By the above, 1/R < p < R, by Lemma 0.6 _|p|| <

M,C, and clearly fol pdA = 1. Moreover,

Fp= lim Fp = lim — Y F*
gp k—o00 P k—oo 1y pars 8

: R
= —_— —_— 1 —_ =
klin;o{nk g Fl+ nk{Fg 1}y =p,
this last equality following from the uniform bound on the terms F ; *1. This
completes the proof of Lemma 1.5. O

The use of the Arzela-Ascoli Theorem in this context has already appeared in
the literature on twice differentiable mappings. See, for example, [H, Theorem
8] for finite-to-one c? mappings and [T, Lemma 3] for the countable-to-one
case.

It remains to show the ergodic and uniqueness properties. It will be enough
to show that A has no nontrivial invariant subsets, from which ergodicity of
pdA and uniqueness of the function p will follow. This will be the content
of the following two lemmas. The arguments here are simple modifications of
those in Lemma 1.1 and Theorem 1.2 of [B,S].

Lemma 1.6. If A(E) > 0 and E is g-invariant then A(EN[w;,w,,,]) >0 for
all i.

Proof. Fix i and obtain, using the Markov hypothesis (4) on g, an n so that
l(g"[a),. @, ]JNE) > 0. Now [w,;,®,,,] is a countable union of intervals from
F" and we may find a J(kyk, ---k,_,) C[w;,w,,,] with
Mg "I (kok, - k,_)NE)>0.
On g"J(kOk1 k1) hkok|-~~k,._| is C' with derivative bounded away from
zero and hence
0< l(hkoklmk,,_, (g"J(kOkl o ‘kn—l) n E))

= A(J (kok, -k, )N g "E)

= AMJ(kok, - k,_)NE).
Evidently then, A([w;,w,,,]NE)>0. O
Lemma 1.7. If E is g-invariant then A(E) € {0,1}.

Proof. Fix n and write each J(kyk,---k,_,) = U, Ji(kok,---k,_,), a union of
finitely many (possibly empty) intervals, each

Jilkoky k) =Py ok, (@1, @41
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If MEN[w;,w,; ,])>0 and A(J;(kyk,---k,_,)) >0 we may write
Mg "En Ji(kok, -- ‘kn—l))/'q'(‘li(kokl k)
)'(E n [wj ’ w,’+1]) A’([wl > w,‘+[])

APy, (EN[0, 0,,,])) / Mgk, [ 055 @11])
- MEN [w,.,wm]) A([wiawi.,.ll)

and since hkok.mk,,_.: (@;,@;,) = Ji(kok, - k,_,) is a C'-diffeomorphism
we may find x,,x, € [w;,w,,,] and express this latter quantity as

B, ) R ()-

Using (b) of Lemma 1.2 and reorganizing the first big quotient above obtain the

bounds .
C-—l < )'(g E|Ji(k0k1 B 'kn_l))
1

S T IEw, 0D S

and hence |
Mg "ElJi(kOkl ok, 1)) >C, A(E|[wi,wi+l]).

Now suppose 0 < A(E) <1 and E is g-invariant. Set
-1 .
g, =C, miml(El[w,.,wm]) >0,

and conclude
MEL (koky -+ ke,,) > e

for all i and so
ME|J (kok, - k,_ ) > &y,

with &, independent of n.
The expansive condition (i) of the theorem implies that the partition _# is
a generator (since the maximal length of an interval in _#" goes to zero as
n — oo) and so, for sufficiently large »n, one obtains an atom J (kok1 ok, )
with
ME| (kok, -+ k,_})) <&,
a contradiction in view of our calculation above. Hence A(E) € {0,1}. O

This completes the proof of Theorem 0.1.

2. GENERALIZED BAKER’S TRANSFORMATIONS AND
A PROOF OF THEOREM 0.3

In Corollary 4.1 of [B1] we have already proved a version of Theorem 0.3
for a more restrictive class of endomorphisms. To be precise, assume g: I — I
satisfies the hypotheses of Theorem 0.3 but with the expansive condition (i)
replaced by 4

(i inf I g(x) = A > 1 (in particular g is increasing on each interval
J,, ), and with the added condition




118 C. J. BOSE

(vi) F g1 =1 (that is, g is Lebesgue-measure-preserving).
Then by the above-mentioned corollary the conclusions of Theorem 0.3 are ver-
ified for g and _# where, of course p =1 and v = 4. Moreover, in Corollary
4.1 we have identified the natural extension of (g,A) as the generalized baker’s
transformation Tf (see [B1] for a definition of this) associated with the family

of functionson /I: f = {h;} ncn - An examination of the arguments given there
reveal that the assumption that g be increasing on each of the intervals J, is
not necessary; one may construct a variant of the generalized baker’s transfor-
mation so as to be the natural extension of g provided that only

(i") inf ., |&'(x)=4>1
and provided that g is Lebesgue-measure-preserving. The details of this con-
struction may be found in [B2]. The results of Theorem 0.3 remain true for
this not-necessarily increasing, Lebesgue-measure-preserving endomorphism as
in the increasing case. We now proceed to show that under the hypotheses of
Theorem 0.3 one may alway assume that (up to measurable isomorphism) the
mapping g satisfies (i") and (vi) above.

Let n, be from hypothesis (i) and recall that g™ is piecewise monotonic and
C' with finite image with respect to the interval partition ™ . One shows by
induction that g™ satisfies hypothesis (ii) of Theorem 0.1 as follows:

Write first

(&™) (x) _ &'&" " x))e™ ) (x)

&™) g oNE™ Y )
If x,y € J(kyk, ---kno_l) and if

1™ ) /(g™ )~ 1< M, _ 18" () - g T )"

where Mno_1 > M, then using Lemma 1.1 and the fact that |g(x) — g(¥)| >
¢|x — y| one obtains

(&™) _ |

<exp{ ($4,,-,+ M) ") €0} - 1.

(&™) ()
This gives an M < Mno < 0o so that
(™)' (x) no o, s a
S -1 <M, |g7(x)-g" ).
(™)) "o

Let J(kyk, -~~k"o_l) be fixed. Clearly J(kk, -~-k"0_1) € J,, and we may find
n such that ch. Clw,,w,,,]. Forany 4= J(k(’,k; = ~k:,0_1) we have g™4 a
union of intervals from _# so by hypothesis (iii) of Theorem 0.3 for g one
has A(g™* 4N Ji,) >0 forall d > D. But g4 covers [w,,0,,,] and so

A(gno+dA N J(kyk, "'kno—l)) >0 for all d > D. In particular

A(g™) AN T (kok, -k, ) >0
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for all d > D (assume, without loss of generality D > n,/(n, — 1)) and we

obtain finally that g™ satisfies the hypothesis of Theorems 0.1 and 0.3 when

g does. Let Dy, and Vo be the objects given by Theorem 0.1 applied to g™
and #"™. Set

1 no—1 ;

p=— D, -

n 0 g5 no

Then F, P =D and so F g = F g"°p = p. Since we may assume (by taking
powers (g"°)k) that n, > D one may conclude that there exists an R <
with p > 1/R, from which one obtains, by ergodicity of g™ with respect
to v, that p = Dy, - (Actually, we conclude this A-a.e. but since both are
continuous functions on I, one may conclude the pointwise equality.)

Thus v = pdJA is the unique ergodic measure for g given by Theorem 0.1.
A standard interpolation argument gives the weak-Bernoulli condition for ¢
with respect to g and v, knowing it for _#™ with respect to g™ and Vo
(=v). To obtain the entropy formula one calculates as follows:

— no — 1 noy/ .
e == 3 Lo B P

Each term in the above sum may be written as a further sum of n, terms, each
of the form

/ loglg(¢" ™" (x))Ip(x) dx
T (koky kg —1)
for 0 < i< n,—1. A change of variable gives this term as

log |8 (WP (M, .ty s Wiy, (W)

ng—i—2

/g"o-"-'J(kok.mkno_l)
Exchanging the order of summation, and bringing in the sum over k

. no—i—l 2
kno_,., ook, ) gives

! !
/g s 0818 PO ) hi (0]

0—i—2)
1
ol A LA P ) AR 12

by the definition of A, ki-k, _;_, - INOW bringing in the sum over ky.k, ...,
ko ng—i—
k, _;_, yields

no—

1 . 1
| 1os1g' 1 o) du = [ ol o (w) d.

Finally, summing over i, 0 <i < n,—1 and dividing by n, gives the desired
entropy formula when the integral is written as a sum of integrals over the
individual atoms of # .
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We see that in proving Theorem 0.3 it is enough to assume the expansiveness
condition (i) instead of the weaker condition (i) of Theorem 0.1.

Let p and v = pdA be given by Theorem 0.1 applied to g and £ . if
x €1 set ¢(x) = f(;‘ pdl. Then ¢: I — I is continuous, strictly increasing and
when x € I -, {a,,b,}, #'(x) = p(x). As before we may unambiguously
think of ¢ and ¢’ as functions defined on 7, ¢: T — I being continuous with
¢' € H(a,g,#). Wealso have ¢: (I, 8,pdA) — (I, ,2) a measurable isomor-
phism which carries g to & = ¢ogo¢'1: I — I, carries £ to ¢ = ¢7 ,apar-
tition of I into countably many intervals .fn = ¢J, =[#(a,),#(b,)] and carries
g% to 8.7 = ¢(g.#), a finite partition of I into intervals [¢(w,), dp(w;, )],
each such interval the (A-a.e.) union of atoms from _# . We also have the cor-
responding inverse functions i’kok,-..k,,_, = ¢Ohkok1'“ ko, o¢~! where we observe

that l:lkoklmkn_l(x) = (&"oky k) (X) whenever x € g”(jgkok, k)
and Ay, s deﬁnec} so as to be continuous on I with h,'c()klmkn_l =0
outside the interval £"(J (kok,---k,_,)). Evidently &: I — I is a piecewise

monotonic and C' mapping which has finite image with respect to the partition
J# and g preserves Lebesgue measure. We collect a few more facts about 2.

Lemma 2.1. (1) If d > D (D from (iii) of Theorem 0.3) then for all k,l € N
we have

AMgid nJ)>o0.
(2) There existsa A>1 so
inf inf |(g°)|(x) p 2 4
koky---kp—, | xEinterior of J =
J(koky-+-kp—1)

(3) There exists an M and 0 < a < 1 so that whenever x and y lie in the
same atom of £ one has

1&'(x)/8'(v) - 1] < M|g(x) - &)
Proof. (1) is immediate from the corresponding fact for g and F . Tosee (2)
we will show there existsa o < 1 so that forall K.k, ---k,_,, |h;cok.~~~kp-.(x)| <
o forall x € J,(¢(w,),d(w,,,)) = io . But this follows from two facts

(D) Chtrokpy ik iy, (O =1 forall x € .

(ii) There exists an g, > 0 so that for all x € io there are (at least) two
I

strings kyk, -k, _, # kok,---kp,_, such that

min{lilll(okl...ko_l (x|, Iil’:o'k.'"'kb_. (xX)[} > &y-
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Now (i) follows trivially for A-a.e. x € io since g” is Lebesgue-measure-
preserving. To obtain the equality for all x € fo we compute

, Doy, © S~ Nty 1007 (%)
h = 1 D—1 1 D—1
kOkan:kD_l| kokn"~ko—|(x)| kok,..z.k,,_, p(:/)—l(x))
_Fp(@” ()
p(¢~" (%))
For (ii) it will be enough to find ¢,(i) > 0 that works forall x € (¢(w,),d(®,,,)),

for we may then take &, = min, g(i).

(iii) of Theorem 0.3 implies there exist at least two strings kjk, ---k,_, #
kyk, ---kj_, sothat (w;,®,,,) is contained in both g”(J(kyk,---k,_,)) and
g°(J(kyk, ---k;,_,)). Using first (c) of Lemma 1.2 to get an inequality for
hkO kykp, AN hk, Kokt and then passing to the corresponding statements via
the conjugacy conclude

=1 forall¢ '(x)eT.

min inf h x)|, inf B o (x }>0
{xe(¢<wi>,¢(wi+.))| Kokkp-1 (%) xe(¢<w,~),¢(w.~+l))| kg, %)

and for ¢,(i) we may take the quantity on the left side of this last inequality.
Finally, to obtain (3) we estlmate, when x and y lie in the interior of the
same atom of _¢ the quantity |&'(x)/&'(») — 1]. By the chain rule this is

p(god” ' (x)g' (¢~ )p(6~' ) _

p(god™ ) (4 ))p(¢~" (x))

Using first the fact that p € H(a, g/ ), with p > 1/R and then the straight-
forward inequality

b=y < [6(x) - 6] < Rlx |

one obtains

P& N | o R ey - aenf®
P2od ) < PR 8 (x) — W)
By a similar argument, but using (ii) of Theorem 0.1 get
FACINED) o1srr s
- 1| < MR - .
760 < 1&(x) — &8(»)|
Also, |
p(¢ " (») _ atl a
—_ R
6T ' PR 8(x) = &)l

where we have used the fact that |g'| > 1. Apply Lemma 1.1 and obtain

g0
g'(y)

<exp{(M +2,lp|R) R*|2(x) - ()"} - 1
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whenever x and y lie in the interior of the same atom of _¢ . This gives
(3). O

We have shown that & is a Lebesgue-measure-preserving map on / which
satisfies the hypotheses of Theorem 0.3 and as we have seen before, by passing
to the power gD one may assume that g satisfies the condition (i”) instead
of the weaker expansive condition (i). Conclude that ¢ is a weak-Bernoulli
generator for g with respect to A and the natural extension of (g,4) is a
Bernoulli shift with entropy

Z loglg |d2

if this sum converges (a generahzed Bernoulli shift if this sum diverges). These
conclusions are carried to the partition ,# and the mapping g with respect to
the measure v by the isomorphism ¢. The entropy formula becomes

=n(@)= 3 [ 1082wl du
zz:/'mgp@o¢”onm%d”w»

p(¢~ (w)
= Z/ log

p(g(x))g'(x)
p(x)
by a change of variable. Since we have

(&(x))
Z/ log|”Z

one obtains the desired entropy formula:

hm=zﬁmmemx

du

p(x)dx,

p(x)dx =0

and this completes the proof of Theorem 0.3.
3. EQUILIBRIUM STATES AND A PROOF OF THEOREM 0.5

References in this section, unless stated otherwise shall be to the article of
P. Walters [W]. Following the ideas presented there we first change slightly the
metric d we have been using on T to an equivalent metric d* so as to make
g expansive on [, that is, for each x,y € I, we desire

d*(g(x),g(y)) 2d (x,y).
If x and x' lie in the interior of the same atom [w,,w,,,] of g, and

> 1,thentoeach y € {g~'(x)} there is one and only on y' so both g'y’ = x’
and y and ' lie in the same atom of _# ! With this notation we set

d’(x,x") = sup{ sup d(y,y')}

n20 | ye{g="(x)}
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if x and x' lie in the interior of the same atom of g and d"(x,x') =
d(x,x") when x and x' lie in different atoms of g7 . If x,x' € (w,,0,,,)
then since |g’'| > ¢ >0 and |(g™)'| > 1> 1 one has

lx — x| <d”(x,x") <max(1,¢™™)|x — x'| = L|x - x|,

and so d” extends to a metric on 7 which is clearly equivalent to d . Evidently
g is expansive with respect to d*. Theorem 0.5 will now follow from Theo-
rem 16 of [W, p. 140] upon replacement of (X,d) with our (7,d"), X with
our I, X, with our [, and T with our continuous and surjective mapping
g ly—1,.

To apply this result we must first verify that our map g satisfies Properties
I and II (pp. 123 and 125 respectively). For Property I take ¢, = % , for then
if xel,, g_l(Bzeo(x) N1,) is clearly a disjoint union of countably many open
intervals (at most one in each J, ) denoted A4,(x), with g|4,(x) an expanding
homeomorphism.

To see Property II observe that for any x € I, {g"dx} intersects each and
every J, when d > D by hypothesis (iii) of Theorem 0.3. Given ¢ > 0 choose
N so that L(l/l)N > ¢/2, (L from above) and let M = Nn, + D. Clearly
then {g~"(x)} intersects every atom of _#"™ .

Since the maximal length of an interval in _#"™ is (1/4)" one has {g~™(x)}
e-dense in I, (in the d* metric). Incidentally, the above observation on # Nno
implies, as we have seen before that _# is a generator for g.

As for the conditions on ¢ € C(/;), our condition (iv) is exactly condition
(i) on p. 123 and we now show that our (v) implies (iii) on p. 125.

Let x,x' € (»;,w,,,). Computing

sup Z{¢ (&' ) - o' ()}

ye{g="(x)}

’

- s S (01 06N = Bl ()

ik =

< S.UP Z lhk0k|...k,.(x) - hkokl...k‘.(x,)la

° n 11_0
!
= s Z sy, ()1 = x|
kOkI n I j=0

where x = x(ky,k, ---k;,x ,x'). Now using the chain rule and our hypothesis
(v) one bounds this last quantity by

M|x—x’|°‘{ ksulz {Zl ik x)|* +l}}
Rp—1
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Writing i = dn, + [ with 0</<n;—1, d >0 one observes

=\ —da —la —da —npa
Vst ()T S AT < AT T,

(recall, we assume ¢ < 1).
Using this in our sum one obtains a further upper bound of

o [(n=1)/no] 4 ,
Mix—x¢™ny Y AT <Plx-XI"

Thus setting

Cylx,x') = sup{ sup Zw ») - ¢(g'y ))1}
n | yetey g

one obtains C,(x,x’) < Plx — x'|" < (d"(x,x"))* < PL, and Cy(x,x) - 0

as d*(x,x')—0.

The conclusions of our Theorem 0.5 then follow from Theorem 16 upon
checking that the partition _# satisfies the properties listed in Theorem 13 (p
136). To this end, properties (a)-(c) are trivially satisfied. We have (d) since
the maximal length of an interval in ,#" is (1/3)"/™L. In (e), if g(a,,b,) =
(w;,w,;,,) take x, = (o, +w,,,)/2. (Here we have used again our assumption
from the Introduction that ¢ maps each J, onto one and only one (w;,w,,,).)

Finally, if ¢, = —log|g’| we have

1
> exp{g,0)}= Y. 00

ye{g=1(x)} ye{g~'(x)

by Lemma 1.2.
We also have

=Y Ih(x)I<C,

keEN

g'(x)
g
whenever x,y € (a,,b,). Thus, conditions (iv) and (v) are satisfied for ¢, .

Conclude that u 6 =V since both are ergodic for g and they cannot be dis-
jointly supported. This completes the proof of Theorem 0.5.

|¢o(%) — do(¥)| = |log ==

< M{ sup Ig'()‘c)l“} Ix -y

XE(anbn)
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